Abstract. We introduce a new family of graphs, namely, hybrid graphs. There are infinitely many hybrid graphs associated to a single graph. We show that every hybrid graph associated a given graph is Cohen-Macaulay. Furthermore, we show that every Cohen-Macaulay chordal graph is a hybrid graph.
graph. But in our case, corresponding to any simple graph G and a given clique partition of the vertex set of G, one may obtain infinitely many Cohen-Macaulay graphs. We call these new graphs as the hybrid graphs associated to G, here is our main result. 
Preliminaries
In this section, we recall some necessary definitions and results.
Simplicial complexes.
A simplicial complex ∆ on the vertex set V = {v 1 , . . . , v n } is a collection of subsets of V such that {v i } ∈ ∆ for all i and, F ∈ ∆ implies that all subsets of F are also in ∆. The elements of ∆ are called faces and the maximal faces under inclusion are called facets of ∆. We denote by F(∆) the set of facets of ∆. We say that a simplicial complex is pure if all its facets have the same cardinality. The dimension of a face F is dim F = |F | − 1, where |F | denotes the cardinality of F . A simplicial complex is called pure if all its facets have the same dimension. The dimension of ∆, dim(∆), is defined as:
Given a simplicial complex ∆ on the vertex set {v 1 , . . . , v n }. For F ⊆ {v 1 , . . . , v n } let x F = v i ∈F x i , and let x ∅ = 1. The non-face ideal or the Stanley-Reisner ideal of ∆, denoted by I ∆ , is an ideal of S generated by square-free monomials x F , where F ∈ ∆. To say F 1 , F 2 , . . . , F t is a shelling order of ∆; it is equivalent to saying that for all F i and all F j < F i , there exists x ∈ F i \ F j and F k < F i such that F i \ F k = {x}. The class of shellable simplicial complexes is important due to the following result. Graphs. Throughout in this paper, G will denote a simple graph on [n] vertices which means G has no loops or multiple edges. Given a subset W of [n], we define the induced subgraph of G on W to be the subgraph G W on W consisting of those edges {i, j} ∈ E(G) with {i, j} ⊂ W . A walk of length m in G is a sequence of vertices {i 0 , . . . , i m } such that {i j−1 , i j } are edges in G . A cycle of length m is a closed walk {i 0 , . . . , i m } in which n ≥ 3 and the vertices i 1 , . . . , i m are distinct. A graph G on [n] is connected if, for any two vertices i and j, there is a walk between i and j. A connected graph without cycles is said to be a tree. The complete graph K m has every pair of its m vertices adjacent. A chord of a cycle C is an edge {i, j} of G such that i and j are vertices of C with {i, j} ∈ E(C). A graph is said to be chordal graph if each of its cycles of length > 3 has a chord, obviously every tree is a chordal graph. A subset
is a simplicial complex whose faces are the cliques of G. For a finite simple graph G on n vertices, one may associate a square-free monomial ideal I(G) in S = K[x 1 , . . . , x n ], namely, edge ideal of G defined as,
We say that G is Cohen-Macaulay over the field K, if the associated quotient ring
A vertex cover C is minimal if no proper subset of C is a vertex cover of G and if all minimal vertex covers of G have same cardinality, then we say that G is unmixed. All Cohen-Macaulay graphs are unmixed but not vice versa. The following result characterizes all Cohen-Macaulay chordal graphs. 
Main result
The following definition is essential to understand the underlined construction. 
We call the graph G Let G be a graph and
..,Ar be the hybrid graph of G with respect to B 1 , . . . , B r . Let ∆ and ∆ ′ be the independence complexes of G and G ′ respectively. Let
be the polynomial ring. Let us define the ordering on the variables:
As the facets of ∆ ′ are maximal independent sets in G ′ , it is easy to see that the induced subgraph of G ′ on A i ∪ B i is a complete graph. Thus in an independent set, we can select at most one element from A i ∪ B i for all i. In other words, if T be a facet of ∆ ′ , then
, then F will be an independent set in G and hence a face of ∆. Let us consider B = ∪ r i=1 B i and
It is easy to note that F ′ = j:A j ∩F =∅ {y j,k j } for some 1 ≤ k j ≤ s j . Let us record this simple observation in the following proposition. 
Note that there are j:A j ∩F =∅ |s j | choices for F ′ , thus corresponding to each face F of ∆, there is a block of facets of ∆ ′ . Here, we explain this fact through the following example. 
Proof. Lemma 2.3 guarantees that the independence complex ∆ ′ of G ′ is pure and has dimension r − 1, thus it is sufficient to show that ∆ ′ is shellable. From above discussion, we know that corresponding to every face of ∆, there is a block of facets of ∆ ′ . Now we define an order the facets of ∆ ′ to show that ∆ ′ is shellable. We order the faces of ∆ ′ in terms of increasing dimensions. If two faces have same dimension, we order them by (2) . Thus, associated to each face F of ∆ ′ , we consider the block associated to F , ordered as in (2). Let us assume S and T be two distinct facets of ∆ ′ with S < T , here arises two cases: Case:1. When S and T belongs to different blocks We can write S = F ∪ F ′ and T = G ∪ G ′ where F, G are different faces of ∆ and F ′ = j:A j ∩F =∅ {y j,k j } for some 1 ≤ k j ≤ s j , G ′ = j:A j ∩G=∅ {y j,p j } for some 1 ≤ p j ≤ s j . As F = G, we must have some x t ∈ G \ F . Let G 1 = G \ {x t }, then G 1 will also be a face of ∆. As
Case:2. When S and T belongs to same block In this case, S = F ∪ F ′ and T = F ∪ F ′′ . As S = T , we have F ′ = F ′′ and T \ S = ∅. Let l be the least number, such that y l,k l ∈ F ′′ \ F ′ , thus y l,k l ∈ F ′′ and y l,k l / ∈ F ′ which further implies the existence of a
We have ordered F ′ and F ′′ as defined in (2) and as we have assumed l to be least such number, thus the first l − 1 components in F ′ and F ′′ will be the same. Thus F ′ and F ′′ will be of the form, and suppose T 1 = F ∪ F ′′′ , then T 1 will be a facet of ∆ ′ by Lemma 2.3 with T 1 < T . Note that y m,km / ∈ F ′′ \ F ′′′ and y l,k l ∈ F ′′ \ F ′′′ , thus y m,km / ∈ T \ T 1 and y l,k l ∈ T \ T 1 . If y l,k l is the only element in T \ T 1 , we are done, otherwise we shall repeat the same process.
As we have finite element, this process will terminate in finite steps and we shall have a T i < T such that T \ T i = {y l,k l }, as required.
Here, we give the descriptive definition of a hybrid graph. Definition 2.6. A graph G is said to be hybrid if there exists some graph H such that G is a hybrid graph associated to H.
The following result shows that the whiskering of a graph, given by Villarreal in [11] is a particular case of our construction. Proof. Suppose V (G) = {v 1 , . . . , v n } and consider the trivial clique partition of V (G) into singleton sets as,
..,An , thus ∆ ′ is pure and I(G ′ ) is Cohen-Macaulay by Theorem 2.5. R. Woodroof [13] and D. Cook and U. Nagel [2] generalized the the concept of whiskering, and defined the terms clique-whiskering and fully clique-whiskering respectively. Recall from [2] that a vertex clique-partition π of a graph G is a partition π = {W 1 , . . . , W t } of V (G) such that each subgraph induced on W i is a nonempty clique, see [13] . The clique-whiskering is particular case of our construction. Herzog et al. [8] characterize Cohen-Macaulay chordal graphs. One can see easily that every Cohen-Macaulay chordal graph is in fact a hybrid graph associate to some graph. Thus, it characterizes all Cohen-Macaulay chordal graphs. By a free vertex in a simplicial complex, we mean a vertex which belongs to exactly on facet of the simplcial complex. In particular, one obtains Corollary 2.10 (Corollary 6.3.5, [12] 
